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Abstract 

We describe the geometrical ladder of equations for Abelian bun- 
dles and gerbes, as well as higher generalisations, in terms of the coho- 
mology of an operator that combines de Rham and Cech cohomology. 



1 Introduction 

Gerbes with connection appear in differential geometry as a natural higher- 
order generalization of abelian bundles with connection, and thus, from the 
physics standpoint, provide a possible framework in which to generalise 
Abelian gauge theory. They first appeared in algebraic geometry jHj, and 
were subsequently developed by Brylinski [5 , whose motivation was to gen- 
eralise the geometrical interpretation of the second integral cohomology of a 
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manifold M, H 2 (M, Z), in terms of the curvature of a complex line bundle, 
to H 3 (M, Z). There has been renewed interest in the subject recently follow- 
ing a concrete approach due to Hitchin and Chatterjee [TU], and due to the 
appearance of possible applications in physics, for instance in anomalies [7] , 
new geometrical structures in string theory ^1 and Chern-Simons theory 

Bundles and gerbes, as well as higher generalisations (n-gerbes), can be 
understood both in terms of local geometry, i.e. local functions and forms, 
and in terms of non-local geometry, i.e. holonomies and parallel transports, 
and these two viewpoints are equivalent, in a sense made precise by Mackaay 
and the author in ^2j> following on from work by Barrett |3] and Caetano and 
the author jH] . For gerbes, holonomy and parallel transport are along embed- 
ded surfaces in the manifold, instead of along loops or paths (as indeed might 
be expected, since for gerbes everything is "one dimension up" , compared to 
bundles) . The non-local viewpoint was further explored by the author in ^3] , 
as a special case of a topological quantum field theory framework introduced 
in ^S]. Here we wish to examine in greater detail the geometrical ladders of 
local functions and forms that appear in the local geometry perspective. We 
use a simple cohomological approach that is similar to Deligne cohomology. 

The article is organized as follows. In section 2 we recall the equations 
governing principal U(l) bundles with connection in terms of transition func- 
tions and local connection 1-forms. In section 3 we generalise to U(l) gerbes 
with connection and give a simple example of a gerbe on the 3-sphere. In 
section 4 we present our cohomological framework for describing the whole 
ladder of n-gerbes and their equivalences. Section 5 contains some comments. 
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2 The local equations for bundles with con- 
nection 



We start by recalling a few well-known facts about principal bundles. A 
principal G-bundle P over a manifold M is given by a projection map it : P — > 
M, where 7r _1 (a;) is called the fibre over x G M, P is called the total space, 
and M is called the base space, together with a (right, effective) G-action on 
P, written p.g for p G P and g E G, preserving fibres: n{p.g) = n(g). Here G 
is a Lie group, and all manifolds and maps are smooth. The axiom of local 
triviality says that for any x G M there exists an open neighbourhood U of 
x such that -n~ l (U) is isomorphic to U x G. A local trivialization is given 
by a local section, i.e. s : U — > P, satisfying 7r(s(x)) = x for all x E U, via 
p = s(z).(7 G 7r _1 (?7) <-> (x, g) & U x G. 

Given two open sets C/i and U2 which intersect, and local sections si and 
s 2 on C/i and C/ 2 respectively, they are related on the overlap U\ fl U 2 by a 
transition function g 12 defined by: 

s 2 ( x ) = si(x).g-i 2 (x), Vx e [/1 fl U 2 . 

If we introduce a third local section s 3 , defined on an open set C/ 3 that 
intersects U± fl C/ 2 non-trivially, then, by writing ^(x) in two different ways, 
we obtain the equation 

gi2{x)g 2 ^{x) = g 13 (x), VxeU 1 nu 2 nu 3 

on the triple overlap. In particular we have, choosing U3 = Ui, 

g 2 i(x) = g u \x). (1) 

The (Ehresmann) connection is a 1-form w on P taking values in the Lie 
algebra of G, and satisfying some extra properties. Using local sections we 
obtain 1-forms on M by pull-back. Let A 1 = s*u; and A 2 = s 2 oo be two such 
local 1-forms, defined on U 1 and U 2 which intersect non-trivially. Then they 
are related by the equation 

A 2 = g u l A t g 12 + g^ 2 dg X2 

on Ui fl U 2) due to the properties of uo. 
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If we use different local sections s/ : Ui — > P instead, related to the 
original local sections S; by 

s/(x) = Si(x).hi(x), \/x G Ui, 

where hi : Ui — > G, we get gauge equivalent transition functions and connec- 
tion 1-forms: 

9ij = K 'H.J'j- 

A[ = hi 1 A i h i + h^dhi. 

We now specialize to the case when G is U(l), i.e. Abelian. We will 
replace functions with values in G by their logarithms, so that all equations 
take values in zR, the Lie algebra of G, and are modulo integer multiples of 
2m. We will assume that all the open sets, and multiple overlaps Uijk... '■— 
UidUjHUj ... in our cover of M are contractible. A G-bundle with connection 
is then given by transition functions 

In g i:j : C/y -> iR, 

antisymmetric under exchange of indices because of equation ((TJ), and con- 
nection 1-forms 

Ai e A 1 

satisfying 

In g jk - In g ik + In = (2) 

on U^k ( we will see the reason for writing the terms in this order in section Hj) 
and 

i(Aj - Ai) = dlngij (3) 
on Uij. We may also introduce the curvature 2-form F on M defined by 

F = dAi (4) 

on each open set U (which is indeed globally defined because of equation (j3J)). 
Finally F satisfies the Bianchi identity 

dF = (5) 

on M. Transition functions ln^- and connection 1-forms A\ are gauge- 
equivalent to transition functions ln^ and connection 1-forms A4, iff there 
exist functions 

In hi : U — > zR, 
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satisfying 



In g[- - In g i5 = In hj - In h { 



(6) 



on Ujj and 



i(A' { - Ai) = din hi 



(7) 



on Ui. 



In this final formulation of the equations describing [/(l)-bundles, there 
is no reference any longer to the total space P of the principal bundle — the 
whole description is "downstairs" . This is advantageous for the generalisation 
to gerbes with connection in the next section, where the notion of a total 
space is lacking. 

3 The generalisation to gerbes with connec- 
tion and an example 

The main guiding principle for understanding the generalisation from bun- 
dles to gerbes, is that for gerbes everything is one step up compared to 
bundles, in the form degree, the number of open sets in an overlap, or the 
dimension. Thus gerbes have transition functions defined on triple overlaps, 
a curvature 3-form, and parallel transport defined along surfaces inside M, 
instead of paths. A good place to read more about the general background 
and geometrical applications of gerbes is in Hitchin's lectures [IU] . 

The data and equations defining a [/(l)-gerbe with connection are anal- 
ogous to the bundle case, except that there are now two separate layers of 
connections, connection 1-forms and connection 2-forms. A [/(l)-gerbe with 
connection is given by transition functions 



completely antisymmetric under exchange of indices, connection 1-forms 



l n 9ijk '■ Uijk 



Aij e A (Uij), 



antisymmetric under exchange of indices, and connection 2-forms 



Fi G A 2 



(Ui), 



satisfying 



lng jkl - lng iM + \ng ifl - \ng ijk = 



(8) 
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on Uijki, 

i(A jk - A ik + Aij) = -d\ng ijk (9) 

on Uijk-, an< i 

Fj-F^dAj (10) 

on Uij. Again all equations are taken modulo 27ci. As before we may in- 
troduce a curvature form on M, this time a curvature 3-form G, defined by 

G = dFi (11) 

on each open set U (which is again globally defined because of equation (fTUJl ). 
Finally G satisfies the "Bianchi" identity 

dG = (12) 

on M. 

The notion of gauge equivalence for gerbes is also a higher notion, since 
equivalences are specified not just by giving functions, but also 1-forms. More 
precisely, transition functions ln^ fe , connection 1-forms A'^ and connection 
2-forms F- are gauge-equivalent to transition functions In gij k , connection 
1-forms A^ and connection 2-forms Fi iff there exist functions 

In hij : Uij — > zR 

and 1-forms 

Bt E A\Ui) 

satisfying 

In g' ijk - In g ijk = In h jk - In h ik + In (13) 

on Uijk, 

i^j - Aij) = -d In + %{B j - B t ) (14) 

on Uj, and 

i(F! - Fi) = dB, (15) 

on U. 

There is clearly a pattern in the above equations, which will be elucidated 
in the next section. One aspect which is sometime found to be puzzling, is 
that the connection 1-form Ay for gerbes is not defined everywhere on M, 
but only on the double overlaps of the cover. It may seem that An is defined 
on Ui, but this is identically zero because of the antisymmetry condition 
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on the indices. However one should really think of Aij as being merely a 
subsidiary "transition" connection for the genuine gerbe connection 2-form 
Fi, which is defined on every patch of M. 

We will conclude this section with a simple example of a gerbe with 
connection on the 3-sphere, which is a natural generalisation of the familiar 
monopole bundle on the 2-sphere 1 . In fact, let us start by considering the 
monopole bundle on S 2 , covered by two patches U\ and U 2 , which intersect 
in a (not-too-wide) strip around the equator, isomorphic to S' 1 x]0, 1[. (This 
is not contractible, but we could introduce extra patches to get contractible 
overlaps if necessary.) The transition function g\2 : Un — ► U(l) is chosen to 
be a winding number 1 map from S 1 to U(l), constant along the transversal 
direction (which is why we do not want the strip to be too wide). On U\ we 
choose the connection 1-form A\ = 0, and on U2 we choose 1A2 = dlngu, 
meaning it is equal to d In on the overlap U12 and is continued in some 
manner to the rest of U2, which is possible since U2 is contractible. Then we 
have the desired equation for a bundle with connection (jSJ): 

i(A 2 - A x ) = d\ng 12 

on Ui2- The curvature F of the monopole connection, given by equation (@J), 
has support contained in U 2 , and integrating F/2-k over S 2 gives 1. 

Now we take the 3-sphere S 3 , and cover it with three patches U\, U2 
and U3. U3 covers the equator and one half of S 3 , and U\ and U2 together 
cover the equator and the other half of S 3 , in such a way that U13 and U23 
are isomorphic to Uix]0, 1[ and U 2 x]0, 1[ respectively, where Ui refer to the 
patches from the monopole bundle case. The intersection between U% and the 
union of U\ and U2 is a (not-too-wide) spherical shell isomorphic to S 2 x]0, 1[. 
The intersection of all three open sets is isomorphic to S' 1 x]0, 1[ 2 . We take 
the transition function #132 on this triple overlap to be the winding number 
1 map gi2 from S 1 to U(l) used previously, taken to be constant along the 
transversal directions. The 1-form connection is given by: A 13 = A\ (the 
1-form for the monopole, constant along the direction transversal to Ui), 
A23 = A 2 (constant in the direction transversal to U2) and A\ 2 = 0. We thus 
have equation Q 

i(A 32 - A12 + Ajs) = -d In 5(132. 

^^Meinrenken |13| has recently obtained gerbes with connection on compact simple Lie 
groups G, which are G-equi variant. The purpose of our example is different, however, so 
we do not consider S 3 as a Lie group. 
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Now we choose the 2-form connection Fi as follows: Fi = F 2 = and F 3 = F, 
meaning it is equal to the monopole curvature F on the overlaps U\ 3 and U 23 , 
and is continued in some manner to the rest of U 3 , which is possible since U 3 
is contractible. We have thus also satisfied equation (fTUj) 

F 3 -F 1 = dA 12 = 0, F 3 - Ft = dA 13 = dA u F 3 - F 2 = dA 23 = dA 2 . 

The curvature of the gerbe connection G, given by equation (fTTj). has support 
contained in U 3 , and integrating G/2ir over S 3 gives the integral of F/2ir over 
S 2 , i.e. 1, after applying Stokes' theorem. 

The "gerbopole" we have just described is therefore a natural, higher 
generalisation of the monopole, and its winding number, or charge, also de- 
rives from the winding number 1 map from the circle to the group. In the 
next section we will see that this map itself also has an interpretation in the 
dimensional ladder containing bundles and gerbes with connection. 

4 A cohomological formulation 

In this section we wish to unify the equations for bundles and gerbes with 
connection from the previous sections, and generate the whole dimensional 
ladder of n-gerbes, by using a cohomological formulation. Our approach can 
be viewed as a variant of Deligne cohomology, in that it blends together de 
Rham and Cech cohomology. Let us first define the cochain groups A p,n , 
whose elements are collections of p-forms, valued in iH, defined on each n- 
fold overlap of open sets of our fixed cover of M. When n = 1, a cochain 
consists of a p-form on each open set of the cover, and when n = 0, a cochain 
is a single, globally-defined p-form on M. We write cochains in the form 
C^k... where ijk . . . ranges over the n-fold overlaps, or C (no index) when 

71= 0. 

There are two natural operators acting on these cochain groups, namely 
the exterior derivative 



d : A p ' 



.ri 



A p+i, 



,n 




and the Cech coboundary operator 



n+l 



5 : A p ' n -> A p ' n+1 , 



6Q 



ll...l a ..: 



■in+l ' 



a=l 
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Both of these operators are nilpotent, but in order to combine them into 
a new nilpotent operator, they should anticommute, which is not the case. 
This can be remedied either by multiplying 5 by ( — l) p , or by multiplying d 
by ( — 1)™. We choose the latter solution, and define 

d : A p ' n -» A p+1 ' n , d = {-l) n d, 

which satisfies Sd + d8 = 0. 

Now we can define the cohomology that is relevant for describing bundles 
and gerbes. Let the cochain groups A<*> be given by 

A (k) = A p ' n , 

p+n=k 

and the operator D : A^ fc ^ — > A^ fc+1 ) be defined by: 

D = 8 - d, 

satisfying D 2 = 0. A bundle with connection may now be defined to be a 
2-cocycle B: 

B = \n gij + iAi -iF e A (2) , DB = 0, 

which is equivalent to equations © to (0) , and a gerbe with connection may 
be defined to be a 3-cocycle Q 

Q = In g ijk + iAij + iF { -iGe A {3) , DQ = 0, 

which is equivalent to equations (jHJ) to (fT2j) . as may be easily verified. 

Having simplified the equations in this way, we can extend the definition 
to cocycles of any order. Thus we define an n-gerbe with connection to be: 

H G A (n+2) , DH = 0, 

so that a gerbe is a 1-gerbe, and a bundle is a 0-gerbe, in these terms. For 
n > 2, the n-gerbe itself is the (0, n+2) part of Ti,, its multilayered connection 
consists of the (1, n + 1) to (n + 1, 1) parts of H, and the n-gerbe curvature 
is minus the globally-defined (n + 2)-form part of Ti. 

It is not particularly illuminating to write down the explicit equations for 
the higher gerbes. However it is amusing to consider a lower case, namely a 
(— l)-gerbe. This is, by the above definition, 

H = ln/i -%A E A (1) , DH = 0, 
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i.e. the ( — l)-gerbe itself is a collection of functions ln/j, there is no layer 
of connections, and the curvature is the 1-form A. Let us give an example 
of such a (— l)-gerbe on S 1 . We cover the circle, parametrised by a 2n- 
periodic coordinate 9, with three open sets: U\ =]0, n[, U2 =}2ti/3, 57r/3[ and 
Us =]47r/3, 7n/3[. The equation DH = implies the following equations: 

ln/,--ln./- = 

on Uij, 

dlnfi-iA = 

on Ui, and 

dA = 

on M, which are solved by 

ln/i(0) = i0, A = d#. 

In terms of the "gerbopole" example at the end of the previous section, the 
( — l)-gerbe sits on the equator of the monopole bundle, in the same way as 
the monopole bundle sits on the equator of the gerbopole. 

The notion of gauge equivalence between bundles and gerbes in the pre- 
vious two sections can also be expressed in terms of the language introduced 
in this section. For bundles the equations (0) and (J2J) for gauge equivalence 
can be expressed as: 

B' ~B^B' -B = D\nhi, ln/iiGA ' 1 , 

and for gerbes the equations (fTSjl to (fT3j) for gauge equivalence can be ex- 
pressed as: 

Q' ~ Q Q' - Q = D{\nh t .j + iBi), \nh tJ + iB t £ A ' 2 © A 1 ' 1 . 
This generalises to gauge equivalence for n-gerbes TC', 7i E A^ n+2 ^: 
H' ~H^H' - H = DF, FeA ( o +1 \ 

where A[ ) n+1 ' ) denotes A^ n+1 ^ without the top-degree (n + l)-form part. 

We conclude this section by remarking that clearly it would be more 
natural if we could replace A[ ) n+1 ' ) simply by A^ n+1 ^ in the above definition of 



10 



equivalence. For example, in the case of bundles the higher gauge equivalence 
suggested here modifies equation (J7J) as follows, taking T = In hi + iB, 

i{A\ - Ai) = d\nhi + iB, 

but also implies a higher gauge transformation for the curvature F: 

F' — F — dB. 

This would not normally be considered as a gauge transformation, but it 
is an equivalence for some purposes, since e.g. Chern forms for bundles on 
closed manifolds are preserved under this transformation. 

5 Comments 

Given the importance of abelian gauge theory, and the fact that gerbes gener- 
alise abelian bundles with connection in such a natural way, it would be very 
interesting if a direct, dynamical role could be found for gerbes in physical 
theories. For this it is necessary to construct couplings to other fields and 
build actions. A possible coupling arises in so-called twisted vector bundles, 
where abelian gerbes with connection are coupled to non-abelian bundles 
with connection (see jTTj, where the holonomy of such objects is also dis- 
cussed). Actions for gerbes have been studied by Baez j^j, in fact, in the 
context of non-abelian gerbes. Adapting the equations in section |H] to non- 
abelian gerbes is a challenging task — see [3] for an algebraic/differential- 
geometric approach and £Q for a combinatorial approach. Maybe the co- 
homological approach and example presented here will suggest some way 
forward in this problem. 
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